Cell-centered discretization of the convection-di usion equation with large P eclet number P e is analyzed, in the presence of a parabolic boundary layer. It is shown theoretically how by suitable mesh re nement in the boundary layer the accuracy can be made to be uniform in P e, at the cost of a ln P e increase of the number of grid cells, in the case of upwind discretization. Numerical experiments are presented indicating that this can be achieved with a P e-independent number of grid cells, both with upwind and central discretization, and with vertex-centered discretization.
Introduction
It is sometimes thought that it is impossible to accurately compute ows at high Reynolds numbers, because numerical discretization errors ("arti cial di usion") will dominate the physical viscous forces as Re ! 1. We will show that this argument is invalid by a theoretical and practical study of a singular perturbation problem that shares some essential properties with the equations of uid dynamics, but is much simpler. Our aim is to show that a straightforward discretization method has global error and computing work that are uniform in the small parameter ".
Problem statement
Consider the following special case of the convection-di usion equation: We want to show that a straightforward cell-centered (block-centered) discretization has work and accuracy uniform in " as " # 0, or P e ! 1, with P e = 1=" the P eclet number.
According to singular perturbation theory (cf. 1], 2], 3], 4] for " 1 there is a parabolic boundary layer of thickness O( p ") at y = 0. There may also be an ordinary boundary layer of thickness O(") at x = 0, but our data are such that this does not occur. It is assumed that is chosen such that the boundary layer is inside the strip f = f(x; y) 2 : 0 < y < g (2. 3)
How to choose is one of our main topics. In order to achieve our aim of "-uniform accuracy and work, the grid is re ned in f . A sketch of the grid is given in gure 2. Where no argument is given the '-derivatives are evaluated in the same grid point as y ; the points and are in X, with X the union of the two rows of cells adjacent to ?. We see that also near ? the scheme is inconsistent in the maximum norm, since h 2 H 2 . Finally, on the Dirichlet boundaries, because (2.6 is exact, i;1=2 = I+1=2;j = 0 (3.20)
We write e h = Proof Since c 1 > 0 we take without loss of generality c 1 = 1, so that For the analysis of the dependence of the bounds obtained on " the rst term of a matched asymptotic expansion for the solution will be used. In order to show rigorously that higher order terms in this expansion may be neglected a laborious analysis of higher order terms would be needed, from which we will refrain. Numerical experiments will give further validation of the results obtained. For simplicity we assume Now the work is uniform in ", whereas numerical experiments still show uniform accuracy.
The analysis of vertex-centered discretization, where the nodes are the vertices of the cells in gure 2.1 rather than the centers, is easier, because an error expansion like (3.21) is not required. By using the maximum principle in a similar way, (6.1), (6.3) and (6.8) may be derived.
It is also possiblle to allow in addition to the parabolic boundary layer at y = 0 an ordinary boundary layer at x = 0. An additional re nement region of thickness O(" ln 1=") needs to be introduced at x = 0 with mesh-size h 1 = O(H 1 " ln 1="). The same method of analysis can be followed.
Because the analysis used the maximum principe, upwind discretization is necessary. 2 4"(2 ? x) g (7.1)
The right-hand-size and boundary conditions in (2.1) and (2.2) are chosen accordingly. Because the solution is extremely smooth in c it turns out that in G c the number of cells in the vertical direction can be xed at 4; the maximum of the error is found to always occur in G f . We take = 8 p "
(7.2) neglecting the logarithmic factor in (6.1). Table 7 .1 gives results for the cell-centered upwind case. Equation (6.8) is con rmed. Exactly the same results are obtained for " = 10 ?5 and " = 10 7 , showing "-uniform accuracy, despite the fact that the logarithmic factors in (6.1) and (6.3) have been neglected, so that the work is dependent of ". The maximum error occurs in the interior of the boundary layer. ). Further re nement shows that the nest grid of table 7.4 is the nest that rounding errors allow. No wiggles are observed. Results for " = 10 ?5 and " = 10 ?7 are virtually identical. We may conclude that in practice work and accuracy can be made to be uniform in ", both for cell-and vertex-centered discretization, by using local mesh re nement according to (6.9). 
